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Abstract

Cross-correlation functions are determined for a large class of geometric sequences based on m-sequences
in odd characteristic. These sequences are shown to have low cross-correlation values in certain cases. They
also have significantly higher linear spans than previously studied geometric sequences. These results show
that geometric sequences are candidates for use in spread-spectrum communications systems in which
cryptographic security is a factor.

1 Introduction

Pseudorandom sequences with low correlation function values and high linear spans are important in several
applications of modern communication systems, such as CDMA systems [13]. A number of constructions have
been suggested for generating such sequences. Many of these are based on the idea of mapping an m-sequence
or modified m-sequence over a finite field into a prime field by a nonlinear function. Specific examples include
GMW sequences [5], bent function sequences [12], No sequences [11], and cascaded GMW sequences [1, 8].
Such constructions have also been studied in a general setting by a number of authors where the resulting
sequences are known as geometric sequences [2, 6, 7].

A geometric sequence S is generated from a q-ary m-sequence U by applying a nonlinear “feedforward”
function f : GF (q) → GF (r), where q is a power of a prime number p and r is a prime number (not necessar-
ily distinct from p), to each element of S. Completely general results on the cross-correlations of geometric
sequences are quite difficult to obtain (and appear inherently connected to deep problems in algebraic ge-
ometry). Several cases, however, have been previously considered, such as pairs of geometric sequences that
are obtained from the same q-ary m-sequence but different nonlinear feedforward functions [3] and pairs of
geometric sequences for which p = r = 2 and whose underlying m-sequences are related by a quadratic
decimation [7].

Geometric sequences can be generalized by replacing the underlying m-sequence by a function of an m-
sequence. For example, No sequences are a special case in which the underlying m-sequence is replaced by the
sum of shifts of two sequences quadratically related to the same m-sequence [11]. The case where p = r = 2
and the underlying m-sequence is replaced by the sum of a quadratic decimation of an m-sequence and a shift
of the same m-sequence was treated by the author [6]. In that paper the cross-correlations of such a generalized
geometric sequence with an ordinary geometric sequence were computed. In this paper we compute the same
sort of cross-correlations in the case where p is odd. The basic technique used is counting the solutions to
pairs of equations over finite fields, one quadratic and one linear. (More general correlation problems can be
treated by using more general pairs of equations.)

In Section 2 we recall the definition and basic properties of geometric and quadratic form sequences, state
the main theorems (Theorems 2.3, 2.4, and 2.5) on cross-correlations of geometric sequences, and recall related
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results on cross-correlations in characteristic two. In Section 3 we count solutions to pairs of equations. These
counts are used in Section 4 to describe the cross-correlations of quadratic form sequences. In Section 5
we determine the ranks of the quadratic forms that appear in geometric sequences, which, combined with
the results of Section 4, give us expressions for the cross-correlations of quadratically decimated geometric
sequences and prove Theorems 2.3, 2.4, and 2.5.

2 Definitions and Statements of Results

Let q be a fixed power of an odd prime number p, q = pe, and let GF (q) denote the Galois field with
q elements. For any n ≥ 1, we denote the trace function from GF (qn) to GF (q) by Trqn

q , defined by
Trqn

q (x) =
∑n−1

j=0 xqj

. Recall that Trqn

q is a GF (q)-linear function, that every GF (q)-linear function h from
GF (qn) to GF (q) can be written in the form h(x) = Trqn

q (Ax) for some A ∈ GF (qn), and that, for any
m ≥ 1, Trqnm

q (x) = Trqn

q (Trqnm

qn (x)).
For each finite field of odd characteristic, there is a canonical quadratic character, η on GF (q)∗: η(x) = 1

if x is a square, η(x) = −1 otherwise. We extend η to all of GF (q) by letting η(0) = 0. We also use the
function ν, defined by ν(x) = −1 if x 6= 0, ν(0) = −1.

Let α be a primitive element of GF (qn). The sequence V whose jth element is Vj = Trqn

q (αj) is a q-ary
m-sequence. It is well known that the sequences of this form are precisely the maximal period sequences that
can be generated by linear feedback shift registers of length n with entries and coefficients in GF (q) [4, 9]. In
particular, they are easy to generate by hardware. Let k = 1 + qi (that is, k has q-adic weight two) and let γ
be any element of GF (qn). The sequence V′ whose jth element is Trqn

q (γαkj) is called a quadratic decimation
of V. This sequence is never an m-sequence when q is odd, but we may have gcd(k, qn− 1) = 2, in which case
the period is half the maximum possible period. More generally, if δ ∈ GF (qn), we consider the sequence U
whose jth term is Uj = Trqn

q (γαkj + δαj).
Let r be a prime number, not necessarily distinct from p. Let ζ be a primitive rth root of unity in the

field of complex numbers.

Definition 2.1 If S and T are periodic sequences of elements of GF (r), with period N , then the cross-
correlation of S and T is defined as

ΘS,T(τ) =
N∑

i=1

ζSi−Ti+τ .

Equivalently, if χ is an additive character of GF (r) in the complex numbers, and χ̄ is the complex conjugate
of χ, then

ΘS,T(τ) =
N∑

i=1

χ(Si)χ̄(Ti+τ ).

Let f and g be (nonlinear) functions from GF (q) to GF (r) and let U and V be as above. The sequence
T, whose jth elements is g(Vj), is called a geometric sequence. The sequence S, whose jth element is f(Uj),
is called a generalized geometric sequence.

One reason for interest in these sequences is their large linear spans. The following theorem is an easy
generalization of the analogous theorem in characteristic two [6]. If α is a primitive element of GF (qn), then
for any k we denote by µ(k) the number of distinct elements of the form αkqj

, i.e., the size of the Galois coset
of αk. Note that µ(k) = n if gcd(k, qn − 1) = 1.

Theorem 2.2 Let f : GF (q) → GF (p), f(x) =
∑q−1

i=0 aix
i. Let k < qn be a sum of at least two distinct powers

of q, and let γ 6= 0, δ 6= 0 be elements of GF (qn). Then the sequence whose ith term is f(Trqn

q (γαki + δαi))
has linear span

λq(S) =
∑
ai 6=0

(n + µ(k))wt(i),
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where wt(i) is the number of nonzero coefficients in the base p expansion of i.

For ordinary geometric sequences, the linear span is
∑

ai 6=0 nwt(i), hence much smaller.
It is the objective of this paper to determine the cross-correlations between the sequences S and T in

terms of properties of f and g. For any such function f , we let the imbalance of f be defined by

I(f) =
∑

u∈GF (q)

ζf(u).

Then f is balanced if and only if I(f) = 0. Also let F (u) = ζf(u), and G(u) = ζ−g(u).
We let d = gcd(i, n) and ΓS,T(τ) = ΘS,T(τ) − qn−2I(f)I(g) + F (0)G(0). If f or g is balanced, then

ΓS,T(τ) = ΘS,T(τ) ± 1. To each sequence S there are associated constants ρ ∈ GF (q) (described in Section
4) and ε = ±1 (described in Section 3). The parameters s and t and the summation indices u and v in the
main theorems take values in GF (q).

Theorem 2.3 Let S be a generalized geometric sequence based on primitive element α ∈ GF (qn), with
exponent k = qi + 1, and coefficients γ = α` and δ. Suppose (1) n is even and n/d is odd, or (2) n/d is even,
n/(2d) is odd, and ` 6≡ (qd +1)/2 (mod qd + 1), or (3) n/(2d) is even and ` 6≡ 0 (mod qd + 1). Then ΓS,T(τ)
takes the values

1. εqn/2−1(qF (−ρ)− I(f))G(t).

2. εqn/2−1
∑

u,v η(v2 − su)F (u− ρ)G(v − t).

The numbers of occurences of these values are given by the table in Theorem 4.2.A, with M replaced by δ, and
m replaced by n.

Theorem 2.4 Let S be a generalized geometric sequence based on primitive element α ∈ GF (qn), with
exponent k = qi + 1, and coefficient γ = α`. Suppose (1) n/d is even, n/(2d) is odd, and ` ≡ (qd +
1)/2 (mod qd + 1), or (2) n/(2d) is even and ` ≡ 0 (mod qd + 1).

A. If γqi−1wq2i−1 = −1 implies that Trqn

q (δw) = 0, then ΓS,T(τ) takes the values

1. εqn/2+d−1(qF (−ρ)− I(f))G(t).

2. εqn/2+d−1
∑

u,v η(v2 − su)F (u− ρ)G(v − t).

3. εqn/2+d−2(qF (−ρ)− I(f))I(g).

The numbers of occurences of these values are given by the table in Theorem 4.2.A, with M replaced by
δ, and m replaced by n− 2d.

B. If γqi−1wq2i−1 = −1 does not imply that Trqn

q (δw) = 0, then ΓS,T(τ) takes the values

1. εqn/2+d−1(q
∑

v F (sv − t)G(v)− I(f)I(g)).

2. 0.

The numbers of occurences of these values are given by the table in Theorem 4.2.B, with M replaced by
δ, and m replaced by n− 2d.

Theorem 2.5 Let n be odd. Then ΓS,T(τ) takes the values

1. εq(n−1)/2
∑

u η(u)F (u− ρ)G(t).

2. εη(s)q(n−3)/2(q
∑

v F (v2/s− ρ)G(v − t)− I(f)I(g)).
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The numbers of occurences of these values are given by the table in Theorem 4.3.A, with M replaced by δ, and
m replaced by n.

Observe that, if we consider GF (qn) to be an n-dimensional vector space over GF (q), then the function
Trqn

q (xk) is a quadratic form in n variables over GF (q). Thus it is logical to consider more general sequences
of the form Si = f(Q(αi)), where Q is an arbitrary quadratic form in n variables over GF (q). We call such
sequences quadratic form sequences. As a first step, we express the cross-correlations of such sequences with
T in terms of f , g, and properties of the quadratic form Q.

3 Algebraic Tools

In this section we state several results from number theory and the theory of quadratic forms that will be
useful in the sequel. The is referred to [9, 10] for the proofs.

We are repeatedly concerned with the divisibility of integers that differ by 1 from powers of odd primes.
Suppose b is an odd integer. Let n and i, be non-negative integers, with n 6= 0, and let d = gcd(n, i). Then
gcd(bn − 1, bi − 1) = bd − 1; gcd(bn − 1, bi + 1) = 1 + bd if n/d is even; gcd(bn − 1, bi + 1) = 2 otherwise;
gcd(bn + 1, bi + 1) = 1 + bd if n/d; i/d are odd; and gcd(bn + 1, bi + 1) = 2 otherwise.

We fix an odd prime p, a power q of p, and a positive integer n. Let x̄ denote (x1, . . . , xn) and Bm(x̄) =
x1x2 + x3x4 + · · · + xm−1xm. Under a change of coordinates, Bm(x̄) is equivalent to the diagonal form
x2

1−x2
2 +x2

3−x2
4 +− · · ·+x2

m−1−x2
m. Every quadratic form Q can be expressed in terms of some symmetric

matrix M as Q(x1, · · · , xn) = x̄Mx̄t. The rank of Q is the rank of M . If M (and hence Q) is nonsingular,
the determinant of Q, det(Q), is defined to be the determinant of M . The notion of determinant extends
to singular quadratic forms by letting det(Q) be the determinant of the restriction of Q to a subspace of
dimension rank(Q) on which Q is nonsingular. We can write any quadratic form in one of three standard
forms.

Proposition 3.1 For any quadratic form Q in n variables, if m = rank(Q), then Q is equivalent under a
change of coordinates to precisely one of the following quadratic forms:

Type I: Bm(x̄),
Type II: Bm−1(x̄) + bx2

m,
Type III: Bm−2(x̄) + x2

m−1 − ax2
m,

where b ∈ {1, a} and a is a fixed nonsquare in GF (q). In the first case, det(Q) = (−1)m/2. In the second
case, det(Q) = b(−1)(m−1)/2. In the third case det(Q) = a(−1)m/2. Furthermore, the number of solutions to
the equation Q(x̄) = u is qn−1 + ν(u)η((−1)m/2 det(Q))qn−m/2−1 for a type I or type III quadratic form, and
qn−1 + η((−1)(m−1)/2u det(Q))qn−(m+1)/2 = qn−1 + η(ub)qn−(m+1)/2 for a type II quadratic form.

Any choice of coordinates e1, e2, . . . , en for GF (qn) as a vector space over GF (q) determines an identifica-
tion GF (q)n → GF (qn) by x̄ = (x1, x2, . . . , xn) 7→

∑
i xiei = x. We write x̄ when an element is to be thought

of as a vector in GF (q)n, and we write x when the same vector is to be thought of as an element of GF (qn)
(for a fixed a set of coordinates for GF (qn)).

Consider a system of equations consisting of a quadratic form and linear function. The number of solutions
depends on the type and rank of the quadratic form. Let Q(x) be a quadratic form of rank m in n variables
in one of the three standard types, let M(x) =

∑n
i=1 aixi = a · x, L(x) =

∑n
i=1 bixi = b · x, and R(x) =

Q(x) + M(x), with {ai, bi} ⊆ GF (q). Let u, v ∈ GF (q). We denote by N(u, v) the number of solutions to the
system of equations

R(x) = u (1)
L(x) = v. (2)

We use the following notation.

4



1. Let ε = η((−1)(m−1)/2 det(Q)) if m is odd, and ε = η((−1)m/2 det(Q)) if m is even. So NQ
u = qn−1 +

εη(u)qn−(m+1)/2 if m is odd, and NQ
u = qn−1 + εν(u)qn−m/2 if m is even.

2.

Q̂(x) =


Q(x) if Q(x) = Bm(x)

Bm−1(x) +
x2

m

4b
if Q(x) = Bm−1(x) + bx2

m

Bm−2(x) +
x2

m−1

4
− x2

m

4a
if Q(x) = Bm−2(x) + x2

m−1 − ax2
m.

Note that Q̂ is equivalent to Q under a change of coordinates.

3. The bilinear form associated with Q(x) is Dm(x, y) = Q(x + y) −Q(x) −Q(x). We also let D̂(x, y) =
Q̂(x + y)− Q̂(x)− Q̂(y).

4. If x = (x1, · · · , xn) is any vector, then x′ = (x1, · · · , xm) and x′′ = (xm+1, · · · , xn). Thus Q(x) = Q(x′).

The following three propositions, covering all possibilities for Q, M , and L, are proved by a series of
changes of coordinates. We omit the details. For similar analyses, see [9] and [6].

Proposition 3.2 Suppose that b
′′

= 0 and a′′ 6= 0, or that b
′′

and a′′ are linearly independent. Then
N(u, v) = qn−2.

Proposition 3.3 Suppose that b
′′ 6= 0 and a′′ = λb

′′
for some λ ∈ GF (q).

1. If Q has Type I or Type III, then

N(u, v) = qn−2 + εν(u− λv + Q̂(a′ − λb
′
))qn−m/2−2.

2. If Q has Type II, then

N(u, v) = qn−2 + εη(u− λv + Q̂(a′ − λb
′
))qn−(m+3)/2.

Proposition 3.4 Let a′′ = b
′′

= 0.

1. Suppose Q has type I or type III.

(a) If Q̂(b) = 0, then

N(u, v) =
{

qn−2 + εν(u + Q̂(a))qn−1−m/2 if v = −D̂n(a, b)
qn−2 otherwise.

(b) If Q̂(b) 6= 0, then

N(u, v) = qn−2 + εη(4Q̂(b)(u + Q̂(a))− (v + D̂n(a, b))2)qn−1−m/2.

2. Suppose Q has type II.

(a) If Q̂(b) = 0, then

N(u, v) =
{

qn−2 + εη(u + Q̂(a))qn−(m+1)/2 if v = −D̂n(a, b)
qn−2 otherwise.

(b) If Q̂(b) 6= 0, then

N(u, v) = qn−2 + εν(4Q̂(b)(u + Q̂(a))− (v + D̂n(a, b))2)η(Q̂(b))qn−(m+3)/2.
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4 Cross-Correlations of Quadratic Form Sequences

Let R(x) be the sum of a quadratic form Q and a linear function M on GF (qn) over GF (q). Let f, g :
GF (q) → GF (r). Let S be the quadratic form sequence whose jth term is Sj = f(R(αj)) and let T be the
sequence whose jth term is Tj = g(Trqn

q (αj)).

Proposition 4.1 Let N(u, v) = {x : R(x) = u and Trqn

q (ατx) = v}. Then

ΘS,T(τ) =
∑

u,v∈GF (q)

N(u, v)F (u)G(v)− F (0)G(0).

Proof: As i ranges from 1 to qn − 1, αi ranges through all nonzero elements of GF (qn), since α is primitive.
Hence

ΘS,T(τ) =
∑

x∈GF (qn)

F (R(x))G(Trqn

q (ατx))− F (0)G(0). (3)

Suppose that elements x, y of GF (qn) satisfy Trqn

q (ατx) = Trqn

q (ατy) and R(x) = R(y). Then x and y
contribute the same value to the sum in equation (3). Gathering all such terms together we get the expression
for ΘS,T(τ) in the statement of the proposition. 2

We have reduced the problem of computing cross-correlations of geometric sequences to that of finding
solutions to pairs of equations. A similar reduction works if Q(x) and Trqn

q (x) are replaced by arbitrary
functions from GF (qn) to GF (q). Note that N(u, v) can be interpreted geometrically as the number of points
in the intersection of a quadric hypersurface and a hyperplane.

We can combine the results of Section 3 with Proposition 4.1 to give a complete description of the cross-
correlations of S and T. Throughout we let m be the rank of Q and ρ = Q̂(a) where Q̂ and a are as in Section
3 (with respect to coordinates for which Q is in a standard form). To simplify statements, we let

ΓS,T(τ) = ΘS,T(τ)− qn−2I(f)I(g) + F (0)G(0).

We denote by Ker(M) = {x : M(x) = 0} the kernel of the linear transformation M , and by Null(Q) =
{x : ∀y : Q(x + y) = Q(y)} the null space of Q. These are GF (q) vector spaces. The dimension of Null(Q) is
n− rank(Q), and Null(Q) is complementary to the largest subspace on which Q is nonsingular.

The proofs of the values of ΓS,T(τ) are a matter of summing over u and v, with appropriate instances
of Proposition 3.2, 3.3, or 3.4. There is a one-to-one correspondence between shifts τ and nonzero values of
b. Thus the number of occurrences of each value is found by counting the number of nonzero values of b
that give the hypotheses of the appropriate proposition. In some cases this in turn leads to an application of
Proposition 3.2, 3.3, or 3.4. The details are omitted.

Theorem 4.2 Let m be even.

A. If Null(Q) ⊆ Ker(M), then ΓS,T(τ) takes the values

1. εqn−1−m/2(qF (−ρ)− I(f))G(t).

2. εqn−1−m/2
∑

u,v η(su− v2)F (u− ρ)G(v − t).

3. εqn−2−m/2(qF (−ρ)− I(f))I(g).
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Conditions on M , Q Case Parameters Number of Occurrences
M = 0 1 t = 0 qm−1 + ε(q − 1)qm/2−1 − 1

2 s 6= 0, t = 0 qm−1 − εqm/2−1

3 – qn − qm

M 6= 0, ρ = 0 1 t = 0 qm−2 + ε(q − 1)qm/2−1 − 1
1 t 6= 0 qm−2

2 s, t 6= 0 qm−2

2 s 6= 0, t = 0 qm−2 − εqm/2−1

3 – qn − qm

ρ 6= 0 1 t = 0 qm−2 − 1
1 t 6= 0 qm−2 + εqm/2−1

2 s 6= 0 qm−2 + εη(4ρs− t2)qm/2−1

3 – qn − qm

B. If Null(Q) 6⊆ Ker(M), then ΓS,T(τ) takes the values

1. εqn−1−m/2(q
∑

v F (sv − t)G(v)− I(f)I(g)).

2. 0.

Case Parameters Number of Occurrences
1 s 6= 0 qm−1 + εν(t)qm/2−1

2 – qn − qm+1 + qm − 1

Theorem 4.3 Let m be odd.

A. If Null(Q) ⊆ Ker(M), then ΓS,T(τ) takes the values

1. εqn−(m+1)/2
∑

u η(u)F (u− ρ)G(t).

2. εη(s)qn−(m+3)/2(q
∑

v F (v2/s− ρ)G(v − t)− I(f)I(g)).

3. qn−(m+3)/2
∑

u η(u)F (u− ρ)I(g).

Conditions on M , Q Case Parameters Number of Occurrences
M = 0 1 t = 0 qm−1 − 1

2 s 6= 0, t = 0 qm−1 + εq(m−1)/2

3 – qn − qm

M 6= 0, ρ = 0 1 t = 0 qm−2 − 1
1 t 6= 0 qm−2

2 s, t 6= 0 qm−2

2 s 6= 0, t = 0 qm−2 + εη(s)q(m−1)/2

3 – qn − qm

ρ 6= 0 1 t = 0 qm−2 + ε(q − 1)q(m−3)/2

1 t 6= 0 qm−2 + εq(m−3)/2

2 s 6= 0 qm−2 + εν(4ρs− t2)η(ρ)q(m−3)/2

3 – qn − qm

B. If Null(Q) 6⊆ Ker(M), then ΓS,T(τ) takes the values

1. εqn−(m+3)/2
∑

u,v η(u + sv + t)F (u)G(v).

2. 0.
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Case Parameters Number of Occurrences
1 s 6= 0 qm−1 + εη(t)q(m−1)/2

2 – qn − qm+1 + qm − 1

It is interesting to determine the minimal cross-correlations achievable in the preceding two theorems. The
dominant term in ΘS,T(τ) is qn−2I(f)I(g). Sequences have small cross-correlations only if the feedforward
functions are balanced. This is only possible if r = p, that is, the range of f and g is GF (p). We assume this.
The remaining terms are minimized by making the rank m as large as possible. That is, by making m = n.
In the next section we see cases where this occurs.

Theorem 4.4 Suppose f and g are balanced, and m = n. In Theorem 4.2.A: in case 1, |ΘS,T(τ) +
F (0)G(0)| = qn/2; in case 2, |ΘS,T(τ) + F (0)G(0)| = |qn/2−1

∑
u,v η(v2 − su)F (u− ρ)G(v − t)| ≤ qn/2+1; in

case 3, |ΘS,T(τ) + F (0)G(0)| = 0.
In Theorem 4.2.B: in case 1, |ΘS,T(τ) + F (0)G(0)| = |qn/2

∑
v F (sv − t)G(v)| ≤ qn/2+1; in case 2,

|ΘS,T(τ) + F (0)G(0)| = 0.
In Theorem 4.3.A: in case 1, |ΘS,T(τ) + F (0)G(0)| = |q(n−1)/2

∑
u η(u)F (u − ρ)| ≤ q(n+1)/2; in case 2,

|ΘS,T(τ) + F (0)G(0)| = |q(n−1)/2
∑

v F (v2/s− ρ)G(v − t)| ≤ q(n+1)/2; in case 3, |ΘS,T(τ) + F (0)G(0)| = 0.
In Theorem 4.3.B: in case 1, |ΘS,T(τ) + F (0)G(0)| = |q(n−3)/2

∑
u,v η(u + sv + t)F (u)G(v)| ≤ q(n+1)/2;

in case 2, |ΘS,T(τ) + F (0)G(0)| = 0.

In all cases the cross-correlations are close to the square root of the period with no additional restrictions
on f and g. With additional restrictions, these values can be made smaller. Taking f to be as balanced as
possible on {u−ρ : u is a square }, the bound in case A.1 of Theorem 4.3 can be made less than (p−1)q(n−1)/2.
Also, the sums in case A.2 of Theorem 4.3 are essentially cross-correlations. If we choose f and g so these
cross-correlations are small, then we can further bound ΘS,T(τ). Similar considerations apply in other cases.

5 Cross-Correlations of Geometric Sequences

We apply the results of Section 4 to the case of generalized geometric sequences. Specifically, we let
Q(x) = Trqn

q (γx1+qi

). For purposes of implementation, we can represent M(x) and L(x) by Trqn

q (δx) and
Trqn

q (βx), respectively. Thus we are considering the cross-correlations between the sequence S whose jth term
is f(Trqn

q (γαj(1+qi) + δαj)) and the sequence T whose jth term is g(Trqn

q (βαj)), for some primitive element
α of GF (qn). We can assume β = 1, since the various nonzero values of B correspond to different shifts τ .

Proposition 5.1 The function Q(x) = Trqn

q (x1+qi

) is a quadratic form on GF (qn) over GF (q).

The proof is a matter of choosing coordinates to represent x and expanding x1+qi

with respect to the
coordinates. Thus in order to determine the specific values of the cross-correlations of S and T, it suffices
to determine rank(Q) and η(det(Q)). Of these, the rank is the most important since, as we have seen, the
determinant of Q only affects the sign of ΓS,T.

Theorem 5.2 Let γ = α` and d = gcd(n, i). The rank of Q(x) = Trqn

q (γx1+qi

) is

1. n if n/d is odd;

2. n− 2d if n/d is even, n/2d is odd, and ` ≡ (qd + 1)/2 (mod qd + 1);

3. n if n/d is even, n/2d is odd and ` 6≡ (qd + 1)/2 (mod qd + 1);

4. n− 2d if n/2d is even and ` ≡ 0 (mod qd + 1);

5. n if n/2d is even and ` 6≡ 0 (mod qd + 1).
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Proof: Consider the null space, W , of Q, defined by

W = {w ∈ GF (qn) : Q(w) = 0 and ∀y ∈ GF (qn) : Q(w + y) = Q(y)}
= {w ∈ GF (qn) : ∀y ∈ GF (qn)∗ : Q(w + y) = Q(y)}.

The set W is a GF (q)-vector subspace in GF (qn), and the dimension of W is the co-rank of Q. We compute
the dimension of W .

Let w ∈ GF (qn)∗. Expanding the expression (w + y)1+qi

, we see that w ∈ W if and only if for every
y ∈ GF (qn),

Trqn

q (γwyqi

) = −Trqn

q (γwqi

y). (4)

Since Trqn

q (x) = Trqn

q (xq), the right hand side of equation (4) is unchanged if we raise its argument to the
power qi, which gives

Trqn

q (wyqi

) = −Trqn

q (γqi

wq2i

yqi

).

for all y ∈ GF (qn). This implies that γw = −γqi

wq2i

, or, if w 6= 0, that γqi−1wq2i−1 = −1.
Let z = γwqi+1. Then w ∈ W if and only if zqi−1 = −1. On the other hand, z ∈ GF (qn), so zqn−1 = 1.

It follows that
zgcd(qn−1,2(qi−1)) = 1.

The remainder of the computation of the rank of W breaks into two cases.
1. n/d is odd: In this case gcd(qn − 1, 2(qi − 1)) = qd − 1, so zqd−1 = 1. This implies zqi−1 = 1, a
contradiction. Thus W = {0} and the rank is n.
2. n/d is even: In this case gcd(qn − 1, 2(qi − 1)) = 2(qd − 1), and gcd(qn − 1, q2i − 1) = q2d − 1. Suppose v

is a second element of W . Then (v/w)q2i−1 = 1, so (v/w)q2d−1 = 1. That is, v/w ∈ GF (q2d). Conversely, if
a ∈ GF (q2d), then aw ∈ W . Thus either |W | = q2d and the rank is n− 2d, or |W | = 1 and the rank is n.

It thus suffices to determine when there is at least one nonzero element of W . We have z2(qd−1) = 1 and
zqd−1 = −1 = α(qn−1)/2. Then

∃w :
(
α`w1+qi

)qd−1

= α(qn−1)/2 if and only if

∃w : α`w1+qi

= α(qn−1)/(2(qd−1)) if and only if
∃w : w1+qi

= α(qn−1)/(2(qd−1))−` if and only if
∃r : αr(1+qi) = α(qn−1)/(2(qd−1))−` if and only if

∃r, s : r(1 + qi) =
qn − 1

2(qd − 1)
− ` + s(qn − 1) if and only if

` ≡ qn − 1
2(qd − 1)

(mod qd + 1),

since gcd(qi + 1, qn − 1) = qd + 1 in this case.
Furthermore, if n/(2d) is even, then qd +1 divides (qn−1)/(2(qd−1)). Thus W is nontrivial if and only if

` ≡ 0 (mod qd + 1). On the other hand, if n/(2d) is odd, then (qn−1)/(2(qd−1)) ≡ (qd +1)/2 (mod qd + 1),
so W is nontrivial if and only if ` ≡ (qd + 1)/2 (mod qd + 1). 2

In case n/d is even, we can further determine the type of Q.

Theorem 5.3 Suppose n/d is even. Then

1. If n/(2d) is even and ` ≡ 0 (mod qd + 1), then Q has type III.

2. If n/(2d) is even and ` 6≡ 0 (mod qd + 1), then Q has type I.
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3. If n/(2d) is odd and ` ≡ (qd + 1)/2 (mod qd + 1), then Q has type I.

4. If n/(2d) is odd and ` 6≡ (qd + 1)/2 (mod qd + 1), then Q has type III.

Proof: The number of nonzero roots Z of Q is given by

NQ
0 = qn−1 + (q − 1)η((−1)m/2∆)qn−m/2−1 − 1 = qn−1 + (q − 1)εqn−m/2−1 − 1,

where m is the rank of Q and ∆ is the determinant of Q. The group G = {c : c1+qi ∈ GF (q)} = {c :
c(q−1)(1+qi) = 1} acts faithfully on Z. Therefore NQ

0 is divisible by |G|. If n/d is even, then |G| = (q−1)(qd+1),
which must divide qn−1 + (q − 1)εqn−m/2−1 − 1. In other words

qd + 1
∣∣∣∣qn−1 − 1

q − 1
+ εqn−m/2−1 .

Suppose n/(2d) is even. Then qd + 1 divides (qn − 1)/(q − 1), so it also divides qn−1 + εqn−m/2−1, and so
also divides qm/2 + ε. When m = n, this implies ε = 1, whereas when m = n− 2d, this implies ε = −1.

Suppose n/(2d) is odd. Then qd+1 does not divide (qn−1)/(q−1), so it does not divide qn−1+εqn−m/2−1,
nor does it divide qm/2 + ε. When m = n, this implies ε = −1, whereas when m = n− 2d, this implies ε = 1.

2

6 Example: Generalized GMW Sequences

Let c = 1+p` and consider the feedforward functions f(x) = Trq
p(x

c/2) and g(x) = Trq
p(x

c), with gcd(c/2, q−
1) = 1. Then S is the sequence whose jth term is

Sj = Trq
p((Trqn

q (γαj(1+qi) + δαj))c/2),

while T is the sequence whose jth term is

Sj = Trq
p((Trqn

q (αj))c).

Assume further that δ 6= 0 is chosen so that ρ = 0, and that n is odd. Let q = pe.
The feedforward function f is balanced, so, as shown in the comments following Theorem 4.3, |ΘS,T(τ)+1|

is bounded by the maximum of

1. |q(n−1)/2
∑

u η(u)F (u)| ≤ q(n+1)/2 and

2. |q(n−1)/2
∑

v F (v2/s)G(v − t)| ≤ q(n+1)/2.

Since gcd(c/2, q − 1) = 1, we have that xc/2 is a square if and only if x is a square. Hence∑
u

η(u)F (u) =
∑

u

η(u)ζTrq
p(u) (5)

= 2(
∑
u 6=0

a square

ζTrq
p(u)) + 1 (6)

=
∑

u

ζTrq
p(u2). (7)

We have 2 = 1 + p0, gcd(e, 0) = e, and e/e = 1, odd, so the rank of the GF (p) quadratic form Trq
p(u

2) is e.
Using Proposition 3.1, we see that the absolute value of the sum in equation (7) is pe/2 if e is even. If e is
odd, we have ∑

u∈GF (q)

ζTrq
p(u2) = p(e−1)/2

∑
v∈GF (p)

ζv2
= p(e−1)/2p1/2 = pe/2.
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Thus for any e, the bound for this case is qn/2.
In the second case, for s′ = s−c/2,∑

v

F (v2/s)G(v − t) =
∑

v

ζTrq
p(s′v1+p`

)−Trq
p((v−t)1+p`

) (8)

=
∑

v

ζTrq
p((s′−1)v1+p`

+(tp`
+tpe−`

)v−t1+p`
). (9)

This is just the imbalance of a GF (p) quadratic form on GF (q) if s 6= 1, or, of a linear function if s = 1. If
s 6= 1, the rank is e for all s′ if e/ gcd(e, `) is odd. Again using Proposition 3.1, we see that the absolute value of
the sum in equation (9) is pe/2. Thus the bound for this case is qn/2. If s = 1, the function (tp

`

+tp
e−`

)v−t1+p`

is balanced unless tp
2`

+ t = 0. It can be shown that when e/ gcd(e, `) is odd, this is only possible if t = 0.
Thus the bound is zero if s = 1 and t 6= 0, and is q(n+1)/2 for the qn−2 + εq(n−1)/2 shifts that correspond to
s = 1, t = 0 when n is odd. In summary, we have the following.

Proposition 6.1 Suppose f(x) = Trq
p(x

c/2) and g(x) = Trq
p(x

c) with c = 1+ p`, e/ gcd(e, `) odd, and n odd.
Then |ΘS,T(τ) + 1| is q(n+1)/2 for qn−2 + εq(n−1)/2 values of τ . For the remaining shifts, |ΘS,T(τ) + 1| is
bounded by qn/2.

On the other hand, if we let e/ gcd(e, `) be even, and take g(x) = Trq
p(σxc − πx), then the sum in case

two is ∑
v

F (v2/s)G(v − t) =
∑

v

ζTrq
p((s′−σ)v1+p`

+(σtp`
+(σt)pe−`

−π)v+(π−t1+p`
)).

By observing that we can choose σ so the GF (p)-linear transformation on GF (q) taking t to σtp
`

+(σt)pe−`

is
singular, we see that π can be chosen so that when s′ = 1, the resulting linear function is not identically zero
for any fixed t. We lose a little – the quadratic form now has rank e − 2 gcd(e, `) for (pe − 1)/(pgcd(e,`) + 1)
values of s. This rank is maximized at e − 2 by taking e even and gcd(e, `) = 1. Similar considerations as
above lead to the following.

Proposition 6.2 Suppose f(x) = Trq
p(x

c/2) and g(x) = Trq
p(σxc−πx) with c = 1+p`, e even, gcd(e, `) = 1,

n odd, and σ and π chosen so σtp
`

+ (σt)pe−` − π is never zero. Then |ΘS,T(τ) + 1| is at most pqn/2.

7 Example: Cascaded GMW Sequences

The idea of iterating the type of function used as a feedforward function for GMW sequences has been studied
by several authors [1, 8] in the case where the characteristic of the underlying fields is two. The sequences that
arise tend to have very large linear spans (due to all the exponentiation) and sometimes have computable,
and small, cross-correlations. In this section we use our results on cross-correlations of geometric sequences
recursively to compute the cross-correlations of certain cascaded GMW sequences in odd characteristic. We
first recall the definitions. Cascaded GMW sequences can be defined for more general exponents, but the
conditions we impose are necessary to be able to apply the results of this paper.

Let p be an odd prime, let n1, · · · , nt be odd positive integers, and define inductively: q1 = p, and
qj+1 = q

nj

j . Thus we have a tower of Galois fields

GF (q1) ⊆ GF (q2) ⊆ · · · ⊆ GF (qt) ⊆ GF (qt+1).

Let `1, · · · , `t and i1, · · · , it be positive integers satisfying

gcd

(
`j

q
ij

j + 1
2

, qj+1 − 1

)
= 1 for j = 1, · · · , t.

11



We define functions hj(u) and h′j(u) from GF (qj) to GF (p) inductively as follows. Let h1(u) = h′1(u) = u,
and

hj+1(u) = hj(Trqj+1
qj

(u`j(q
ij
j +1)/2))

h′j+1(u) = h′j(Trqj+1
qj

(u`j )).

for j = 1, · · · , t− 1. Observe that by the hyptotheses on the `j and ij , the functions hj and h′j are balanced.
Finally, we let

fj+1(u) = hj(Trqj+1
qj

(uq
ij
j +1))

gj+1(u) = h′j(Trqj+1
qj

(u)),

for j = 1, · · · , t. Let Sj and Tj be geometric sequences whose ith elements are fj(αi) and gj(αi), respectively,
for some fixed primitive element α ∈ GF (qj) (j = 2, · · · , t + 1). To find the cross-correlations of Sj and Tj

we first need a lemma. For simplicity we let Hj(u) = ζhj(u) and H ′
j(u) = ζh′j(u). Also let kj = q

ij

j + 1.

Lemma 7.1 For any j, we have
∑

u η(u)Hj(u) = ±q
1/2
j .

Proof: The proof is by induction on j. In general we have∑
u

η(u)Hj(u) =
∑

u

Hj(u2).

For j = 1, this is
∑

u ζu2
which can be seen to be p1/2 by using addition formulas for trigonometric functions.

For j > 1, we have ∑
u∈GF (qj)

Hj(u2) =
∑

u∈GF (qj)

Hj−1(Trqj
qj−1

(x`j−1kj−1))

=
∑

u∈GF (qj)

Hj−1(Trqj
qj−1

(xkj−1))

=
∑

v∈GF (qj−1)

|{u : Trqj
qj−1

(xkj−1) = v}|Hj−1(v)

= ±q
(nj−1−1)/2
j−1

∑
v∈GF (qj−1)

η(v)Hj−1(v)

= ±q
(nj−1−1)/2
j−1 q

1/2
j−1

= ±q
1/2
j .

2

Proposition 7.2 For any j ≥ 2, we have ΘSj ,Tj (τ) + 1 = ±q
1/2
j .

Proof: The cross-correlations are determined by Theorem 2.5, with δ = ρ = 0. The result in case (1) of the
theorem follows from Lemma 7.1. We prove case (2) by induction. For j = 2 this becomes

±q
(n1−1)/2
1

∑
u∈GF (p)

ζu2/s−u

12



for some s 6= 0 ∈ GF (p). After completing the square, we see that this sum equals ±p1/2. For j > 2 we have,
for some s 6= 0 ∈ GF (qj−1),

±q
(nj−1−1)/2
j−1

∑
u∈GF (qj−1)

Hj−1(su2)H ′
j−1(u) = ±q

(nj−1−1)/2
j−1 (ΘSj−1,Tj−1(τ ′) + 1)

= ±q
(nj−1−1)/2
j−1 q

1/2
j−1

= ±q
1/2
j .

2

Thus the cross-correlations of such a pair of sequences essentially the square root of the period. This is in
contrast to the characteristic zero case where the best we can do for cross-correlations of this type is a factor
of
√

2 larger.

8 Conclusions

We have introduced a general class of easily generated binary sequences based on combinations of shift regis-
ter sequences over an odd characteristic finite field with nonlinear feedforward functions. We have exhibited
formulas for the cross-correlation of these sequences with standard geometric sequences in terms of the feed-
forward functions. The bounds given show that for quite general sequences of this type the cross-correlations
are close to optimal. We have shown that in specific cases this allows us to construct pairs of sequences whose
cross-correlations are all essentially the square root of the period. Furthermore, these sequences have larger
linear span than many other sequences whose correlation properties are known.

We have not computed the cross-correlation of a pair of generalized geometric sequences, or even their
autocorrelation functions. Using the approach taken here, this problem leads to the computation of the
number of solutions to pairs of quadratic equations. In general this is a hard problem, but in this case there
is some hope that the special form of the equations will make it tractable – the equations come from a single
quadratic polynomial over GF (qn), with the variable multiplied by a constant.

Even more general geometric sequences can be considered, say by applying a feedforward function to an
arbitrary linear combination of decimations of m-sequences. It is unlikely that much can be said in general
about the cross-correlations of such sequences, but there may be other special cases (e.g., particular decima-
tions) which can be approached by the techniques used here. In general the more complex the underlying
modified m-sequence, the higher the linear span.
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