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Abstract

We employ a damped Newton multigrid algorithm to solve a nonlinear system
arising from a finite difference discretization of an elliptic flame sheet problem. By
selecting the generalized minimum residual method as the linear smoother for the
multigrid algorithm, we conduct a series of numerical experiments to investigate the
behavior and efficiency of the multigrid solver in solving the linearized systems, by
choosing several preconditioners for the Krylov subspace method. It is shown that
the overall efficiency of the damped Newton multigrid algorithm is highly related to
the quality of the preconditioner chosen and the number of smoothing steps done
on each level. ILU preconditioners based on the Jacobian pattern are found to be
robust and provide efficient smoothing but at an expensive cost of storage. It is also
demonstrated that the technique of mesh sequencing and multilevel correction scheme
provides significant CPU saving for fine grid calculations by limiting the growth of the
Krylov iterations.
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1 Introduction

Developing efficient solvers for nonlinear system of equations arising from combustion sim-
ulation problems is still of big interest. The difficulties associated with solving high heat
combustion stem from the large number of dependent unknowns, the nonlinear character-
istics of the governing partial differential equations and the different length scales present
in the problem. Gaz-jet laminar diffusion flame is a problem of importance since it can be
analyzed in detail with the current computer sources, and the understanding of the flame
plays a central role in the modeling of more complex problems, such as detailed kinetics
models or turbulent reacting flows.

In this work we are interested in a simple model of laminar diffusion flames. We con-
sider a flame sheet problem with one-step chemical reaction. The governing equations
for this model are highly nonlinear and the dependent variables are strongly coupled so
that their solution constitutes a challenging test for nonlinear elliptic solvers. The flame
sheet model adds only one field to the hydrodynamic fields that describe the underlying
flow, whereas a detailed kinetics model adds as many fields as species considered in the
kinetic mechanism. In order to model the flame structure more accurately, we use the
vorticity-velocity formulation of the fluid flow equations [1, 3] instead of the traditional
stream function-vorticity approach. The vorticity-velocity formulation allows for more ac-
curate vorticity boundary conditions than the stream function-vorticity formulation does.
It also yields better conditioned Jacobian, permits nonstaggered grids, and is easily ex-
tendible to three dimensions. A review of incompressible fluid flow computations using
this formulation is well documented in [12].

The governing equations and boundary conditions are discretized on two dimensional
unstructured rectangular grids using finite difference approximations. The numerical so-
lution for the flame sheet problem is then obtained by solving a set of nonlinear algebraic
equations of the form

F(U) =0, (1)

where U is the unknown vector. In the present work, we consider solving the nonlinear
elliptic problem using a Damped Newton Multigrid algorithm (NMG). The nonlinear
problem is recursively solved on a coarse grid and the solution interpolated onto a refined
grid. NMG can be seen as a nested iteration multilevel algorithm (Full Multigrid method)
where at each level a linearized system is solved using a multilevel correction algorithm
and a damped Newton step is performed. The linear correction steps just use the last
Jacobian formed (and saved) on the coarse level. The main difference between NMG and
the Full Approximation Scheme (FAS) [8] is that NMG uses the multigrid algorithm as
a part of a linearization technique (Damped Newton’s method in our case) while FAS
applies directly the multigrid algorithm using nonlinear iterative methods.

In practice, Newton method fails to converge when it starts from an initial vector
not close enough to the solution. Some procedure must then be used in order to find an
appropriate initial guess within the ball of the convergence of the Newton method. In
general, the interpolation of a computed solution from a coarse level is not guaranteed



to fall within the Newton ball of the convergence of the next finer level. The use of an
extra procedure on fine grids can be extremely expensive and may dominate the overall
execution time. It is still a poorly understood question how to ensure that the interpolated
solution is within the convergence domain of the Newton method on the next finer grid.

The NMG algorithm was extensively used in [9, 11] to solve the flame sheet problem.
It was found that the dominant cost in the NMG algorithm in terms of computational and
storage requirements is incurred by the code components in which the linearized system at
each step of the Newton method is approximately solved. In [2], the flame sheet problem
was solved using two grid levels. The authors investigated the performance of several
preconditioners combined with Krylov subspace methods on a fine 81 x 81 tensor product
grid. The numerical experiments showed that the Gauss-Seidel preconditioner yields better
execution time with respect to the incomplete LU factorization preconditioner with zero
level ILU(0). The disadvantage of using the ILU(0) preconditioner was mainly attributable
to its ineffective during the pseudo-transient continuation process to bring the iterate into
the convergence domain of the steady Newton method. The preconditioner used in the
previous studies by Douglas, Ern, and Smooke was a Gauss-Seidel left preconditioner
[9, 11].

In the present work we test some more powerful preconditioners based on the incom-
plete LU factorization of the Jacobian matrix. We show that the use of ILU preconditioners
is attractive in a Newton multigrid algorithm. The superiority of the ILU preconditioners
over classical preconditioners such as the Gauss-Seidel preconditioner is expected during
the fine grid computations of the steady Newton iterations.

It should be noted that there has been recently a growing interest in developing adap-
tive gridding methods for combustion problems, which is not considered in this work.
Relevant references for adaptive gridding methods are [6] and [7], where mesh adaptive
finite volume method is proposed. The efficiency of adaptive finite element and finite
difference methods applied to laminar flames are studied in [4] and [5], respectively.

The remainder of the paper is organized as follows. The next section briefly describes
the physical problem and the governing equations. In Section 3, we present the compu-
tational procedure, including the discretization techniques, the numerical evaluation of
the Jacobian matrix and the pseudo-transient process. In Section 4, we conduct a series
of numerical experiments and compare the performance of several preconditioners, and

finally concluding remarks are given in Section 5.

2 Model description

The model for the flame sheet problem consists of a full set of two-dimensional axisymmet-
ric Navier-Stokes equations for low-Mach number flow coupled together with a conserved
scalar equation expressing the conservation of energy. The geometrical set-up of the prob-
lem is shown in Figure 1. It consists of an inner cylindrical fuel (methane) jet with radius
rr = 0.2 cm surrounded by a coflowing oxidizer (air) jet with radius ro = 2.5cm. The
methane and air are introduced through the inner and outer tubes with constant velocities,



both at the uniform temperature 7' = 298 K. Since the solution is axisymmetric, the com-
putational domain is two-dimensional and it covers the area from r = 0 to 7,4 = 7.5¢cm
in the radial direction and from z = 0 to 2y, = 30 ¢m in the axial direction.

As already mentioned, we formulate the problem using the vorticity-velocity formula-
tion for the Navier-Stokes equations. We introduce the velocity vector v = (v,,v,) with
radial and axial components v, and v, respectively. The vorticity w is defined in terms of
the components of the velocity as w = 6%% — %’UZ. The vorticity transport equation is
formed by taking the curl of the momentum equations, which eliminates the partial deriva-
tives of the pressure field. A Laplace equation is obtained for each velocity component by
taking the gradient of w and using the continuity equation.

Let p denote the density, x4 the viscosity, g the gravity vector, div(v) the cylindrical
divergence of the velocity vector, S the conserved scalar, and D a diffusion coefficient.
The components of V3 are (% B, —% B) Then the governing system for the flame sheet
problem is given by the following four equations:
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which respectively represent the radial and axial velocities, the vorticity, and the conserved
scalar S. The temperature and the major species profiles in the system are recovered from
the conserved scalar, as detailed for instance in [16]. The density is computed using the
perfect gas law as a function of the pressure. The flow’s small Mach number allows the
pressure to be approximated as a constant. The pressure field is then eliminated from the
governing equations as a dependent unknown, and it can be recovered once a computed
numerical solution of the governing equations is obtained, by solving a Laplace equation
derived by taking the divergence of the momentum equations.

The system of governing equations is closed with appropriate boundary conditions on
each side of the computational domain:

e Axis of symmetry (r = 0): v, =0, 611@ =0, w=0, gf —0.

e Outer zone (r = rmaw)' o =0, 6'“‘ =0, w= %”z’“, S =0.

e Inlet (z=10): v, =0, v, =vI(r), w= %”; - %’;“, S = So(r).
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Figure 1: Physical configuration for the axisymmetric flame (not in scale).

o Exit (2 = Zmag): vr =0, &2 =0, &2 =0, 95 = .

’ 9z ’ 9z

To begin the solution process, a starting estimate for each dependent variables is
needed. The v, and v, profiles are well known, and that of w can be approximated by
assuming negligible axial variations. The inlet profile of the conserved scalar, S°(r), is a
slightly rounded step function that blends room temperature reservoirs of fuel and oxidizer
by means of a narrow Gaussian in temperature centered at r7 [1].

3 Computational procedure

The PDE system and the boundary conditions are discretized on a two-dimensional tensor
product grid using finite difference approximations. The grid is formed by the intersection
of the lines of the horizontal mesh

{O:’F1 Lo <11 <1 < T <00 < T, :Tmaz},
and the vertical mesh
{0221 < <21 <2 <21 << 2y, :Zmaw}-

The dependent variables are located at the regular mesh nodes (7, z;). Diffusion and
source terms in the partial differential equations are approximated using central differences.
We adopt two different schemes for the convection terms. We first use a monotonically
preserving upwind scheme. For instance, the convection terms in the radial direction are



discretized as

95\ _ Sij = Si-1,5
(UTE)M = max{(v,)i,%,j,()}ri

i Ti—1

Sit+1,5 — Siyj
_max{—(vr)i+§,ja }m,
where the subscript ¢ £ % refers to the valued averaged between the nodes ¢ and 7 & 1.
This upwind difference scheme makes the discrete system easy to solve and increase the
efficiency of the linear system solution method. We next apply the following central

difference approximation to the first derivative:

(as) _ Siv1,j(Ari)® — Sio1,j(Arig1)? + Si[(Arig1)? — (Ari)?]
(%]

or Arip1 Ari(Aripr — Arg) ’

where Ar; = r; — ri—1 and Ar;4+1 = 1341 — ry. This approximation has a second order
truncation error on any grid [19], and will be useful to test the performance of our precon-
ditioners. The boundary conditions involve only Dirichlet or the first order derivatives. A
proper discretization of the boundary conditions is extremely important since it may exert
a strong influence on the overall accuracy of the numerical solution. A detailed study is
presented in [1], where second order accurate discretizations are sought for all boundary
conditions.

The discretization of the PDE system and the boundary conditions generates a set of
nonlinear algebraic equations of the form (1), which is then solved using a damped Newton
method. At the nth iteration of the solution method, the (n+1)th solution iterate is found
from the nth iterate through solving the following equation:

JU™MU™ —U™) = -\"F(U"), n=0,1,..., (2)

where the Jacobian matrix is given by J(U™) = 0F(U™)/0U, and A" (0 < A" < 1) is the
damping parameter. The Newton iteration (2) is performed until the norm of the discrete
vector U1 — U™ is reduced appropriately, e.g., below 1075.

Since all computational stencils in the finite difference approximations use at most
nine points, the Jacobian matrix is a block 9-diagonal matrix in which each block is a
4 x 4 dense matrix. Due to the tensor product nature of the grid and the compact form of
the computational stencil, an inexpensive way based on the idea outlined in [15] is used
to numerically evaluate the Jacobian matrix. The columns of the Jacobian matrix are
formed using vector function evaluations with the grid nodes split into nine independent
groups, which are perturbed simultaneously [16].

To obtain appropriate starting estimate for the Newton iteration (2), the original
elliptic problem is converted into a time-dependent parabolic problem with appropriate
initial conditions. The original nonlinear discrete problem is then transformed, using an
implicit Euler scheme, into

Uyntl) _ yn)

(n+1) _
FU) + D= =0, (3)

where D is a diagonal scaling matrix and At"*! is the (n + 1)st time step. The new
nonlinear problem is again solved by a damped Newton method. The number of timesteps



needed to bring the initial guessed solution into the convergence domain of the Newton
method depends on the size of the grid. The coarser the grid is, the fewer timesteps are
needed.

4 Numerical experiments

In this section, we present several numerical results obtained on a single 750 MHz HP
PA-RISC 8700 processor of an HP superdome supercluster at the University of Kentucky.
We consider the finest grid to be a 161 x 193 tensor product grid, and we construct a
sequence of nested grids by successively discarding every other node from one grid to the
coarser one. In the first part of the experiments, the inlet velocities of the fuel and oxidizer
are set at 35 cm/s everywhere, which yields a Reynolds number of 550, and an upwind
difference scheme is used for the convection terms. The original grid is highly anisotropic
and most grid points are placed in the high activity regions near the origin.

The nonlinear problem (1) is first solved on a coarse grid, and the resulting solution is
interpolated to the next finer grid. The nonlinear problem is then solved on the finer grid
using the interpolated solution as an initial guess for the damped Newton method. This
procedure is repeated recursively until the problem on the finest level is approximated well
enough.

At each Newton step on a given level, a Jacobian is formed and the linearized system is
approximately solved by a Multigrid V-cycle algorithm, making use of the last Jacobians
computed on all levels coarser than the current level. At each grid level a given number of
relaxation steps are performed, except on the coarsest grid where this number may increase
so that the linear system can be solved to a high accuracy. Standard full-weighting and
bilinear interpolation are employed as the intergrid transfer operators. We anticipate
that as the size of the mesh spacing gets smaller, the interpolated solution from one grid
lies in the convergence domain of the Newton method on the next finer level. In most
experiments, this was found to be the case between all levels. We notice that an inner
iteration may require many V-cycles to converge. In the case that the number of V-cycles
exceeds 8, the time stepping process is automatically launched to make the Jacobian easier
to invert.

For large scale linear systems, iterative methods based on Krylov subspaces such as
BiCGSTAB [14] or GMRES [13], are known to be better suited than direct methods.
BiCGSTAB is a smoothly convergent version of the Lanczos-based method BiCG. It has
lower memory requirements but because of the lack of an optimality property of the resid-
ual, oscillatory behavior may be encountered, especially on fine grids. GMRES is however
a minimal residual algorithm based on the use of the Arnoldi process. In a full GMRES
implementation the storage requirements grow linearly and the work quadratically with
the number of iterations. Hence, in practice it is often necessary to use a restarted ver-
sion, GMRES(k), where k indicates the selected dimension of the Krylov subspace. In
this case, the algorithm is restarted after k iterations. Restarting may cause GMRES
to exhibit slow convergence, but prevent the algorithm from possible breakdown due to



memory depletion. The effectiveness of both iterative methods for solving reacting flow
problems has been illustrated in [1] and [2].

In our experiments we found that it is more advantageous to use GMRES as the linear
smoother in the multigrid algorithm. The convergence of GMRES will be based on the
norm of the left preconditioned linear residual using an absolute tolerance proportional to
the tolerance of the Newton iteration. Experience suggests that a suitable choice of the
termination criterion can bring enough information on the update vector U+t — (™)
back to the Newton iteration.

In what follows, we compare the performance of the block Gauss-Seidel (GS) pre-
conditioner and incomplete LU factorization based preconditioners. The incomplete LU
factorization has been one of the best known preconditioning technique, and is often used
to improve the convergence of Krylov subspace methods. In [17], it is shown that for
any M-matrix B, there is a unique ILU factorization Q = LU, such that L is unit lower
triangular, U is upper triangular, /;; = 0 and u;; = 0 for (¢,j) ¢ N, and [Q — B];; = 0 for
(1,7) € N, where N is an index set containing all diagonal indices (i,7). Experiments in
various application fields, such as computational fluid dynamics, reveal that incomplete
LU factorization preconditioners exist for a large class of problems, even though the coef-
ficient matrix of the discrete problem is not an M-matrix. More discussions on different
Krylov subspace methods and various type of incomplete LU factorization preconditioning
techniques can be found in [18].

The dimension of the Krylov subspace is set at 30 in all experiments, so GMRES
restarts after 30 iterations. Since our current interest is to study the robustness of the
preconditioners, we only report the number of linear iterations and the execution time
for each preconditioner as a measure of its relative performance. As the number of outer
iterations was found to be nearly insensitive to the choice of the preconditioner, we will
not report the nonlinear behavior of the Newton method.

Tables 1-3 contain the performance data of the GS and ILU(!) preconditioners using
3 levels, where [ is the level of fill-in for the incomplete LU factorization. Before starting
the steady Newton iteration on the coarsest level, we perform 30 preliminary timesteps
with a initial timestep equal to 10~3. This initial timestep is adaptively halved during
the computation whenever the Newton iterations converge slowly or the nonlinear residual
does not decrease after two iterations. In each table, we report the total number of GMRES
linear smoothing iterations done on each level. The CPU time refers to the total CPU
time in minutes needed to solve the nonlinear problem (1), including the 30 preliminary
timesteps, while ¢; is the time spent on the finest level. The number m is the maximum
number of relaxation steps allowed on each non-coarsest level.

The first table shows the results for the GS preconditioner. The number of smoothing
steps m = 10 was found insufficient for the inner linear iterations to converge within eight
V-cycles. We found that the V-cycle multigrid algorithm still performs poorly after taking
additional timesteps. The case m = 15 also meets some difficulties, while for m greater
than 20 the V-cycle multigrid algorithm performs well without any additional timesteps
except the first 30 ones done on the coarsest grid. The numerical results show that the



Table 1: Performance data of GMRES/Gauss-Seidel using three levels.

m | levell | level2 | level3 | CPU | ¢

20 | 211 548 2421 1.85 | 1.19
30 | 232 546 1801 1.92 | 1.30
40 | 254 586 1569 | 2.02 | 1.38

shortest overall execution time on the solution is obtained when performing 20 relaxation
steps on each non-coarsest level. The CPU time spent (before reaching the finest level)
to obtain an appropriate initial guess for the Damped Newton method on the finest level
is equal to the difference CPU — ¢, representing about 40 seconds for m = 20. However,
performing 30 timesteps on the finest level took about 9 minutes, much more expensive
than solving the whole problem using a meshing sequence procedure. This demonstrates
the severe cost of developing a global solution when starting on a fine grid.

Table 2: Performance data of GMRES/ILU(1) using three levels.

m | levell | level2 | level3 | CPU | t;

10 66 156 627 1.13 | 0.68
15 84 180 587 1.30 | 0.83
20 98 213 584 1.40 | 0.91
30 | 140 253 549 1.71 | 1.22
40 | 176 282 548 1.94 | 1.42

Table 3: Performance data of GMRES/ILU(2) using three levels.

m | levell | level2 | level3 | CPU | ¢y

10 68 135 442 1.46 | 0.92
15 85 168 441 1.76 | 1.13
20 | 101 189 410 1.85 | 1.26
30 | 137 218 390 2.17 | 1.56
40 | 166 210 368 2.34 | 1.71

The second and third tables present the performance data of the ILU(1) and ILU(2)
preconditioners, respectively. Unlike the GS preconditioner, a number of relaxation steps
equal to 10 is sufficient for the inner linear iterations to converge within a few number of
V-cycles on all levels. The ILU(1) preconditioner performs better than the ILU(2) and
the Gauss-Seidel preconditioners. The use of 10 relaxation steps on each non-coarsest



level delivers the lowest execution CPU time in both cases, which also represents a saving
in storage when using GMRES. The fact that m = 10 works well compared to the first
case is due to the fact that the ILU preconditioners are more robust than the Gauss-
Seidel preconditioner. This may also seen by comparing the numbers of iterations for each
preconditioner performed on each level. The improvement in time comes of course at a
higher cost of storage, since the ILU preconditioner approximately doubles the memory
requirement of the problem. We notice that the GS preconditioner converges quite faster
than the ILU preconditioners during the time stepping process on the coarsest level. This
may be due to fact that, since the linear system on the coarsest grid requires a short
computer time, the time spent for the setup of 30 ILU factorizations has a nonnegligible
cost.

Table 4 shows the numerical results obtained using the ILUT(p, 7) preconditioner [18],
with a fill-in parameter p and a threshold drop tolerance 7 . Here, m = 30 for all cases.
Unlike the ILU(1) and ILU(2) preconditioners based on the Jacobian pattern, the ILUT
preconditioner is based on threshold values and provides a flexible computational tool that
allows the control of the memory requirement. The quality of the ILUT preconditioner
can be adjusted by choosing suitable values for the parameters p and 7. Among the
four preconditioners compared, the ILUT preconditioner is the most ineffective one. We
notice that the use of the ILU(0) preconditioner with no fill-in was also ineffective for this
problem, as was reported in [2], and so its experimental performance data were omitted.

Table 4: Performance data of ILUT(p, 7) using three levels.

P T levell | level2 | level3 | CPU | tf

20 [ 1072 | 356 921 | 2911 | 3.73 | 2.65
30 1073 | 257 | 562 | 1347 | 3.54 | 2.71
30 [ 107 | 212 561 | 1886 | 3.82 | 2.66
40 | 1074 | 209 441 | 1074 | 3.70 | 2.83
50 [ 1075 | 184 | 370 | 866 | 2.80 | 1.92

The numerical results using four grid levels are shown in Table 5. The ILU(1) precon-
ditioner still performs better than the two other preconditioners, and the best performance
is obtained for m = 10. The use of four levels help saving the overall CPU time but with-
out a significant gain. Comparing the results reported in Table 5 with those of the Tables
1-4, we conclude that the saving in time is mainly due to the decrease of the CPU time
spent on the third level. We note that the use of five grids did not perform better than
the last case since it is found that the interpolated coarsest grid solution is not within the
convergence domain of the Newton method on the next finer grid, so additional timesteps
was needed. The use of very coarse grids causes however the Newton iteration to diverge.

In Table 6, we present the numerical results obtained when using a central difference
scheme instead of an upwind difference scheme. The inlet oxidizer and fuel velocities are
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Table 5: Comparison of different preconditioners using four multigrid levels.

m ‘ levell ‘ level2 ‘ level3 ‘ level4 ‘ CPU ‘ 17
Gauss-Seidel
20 | 211 551 1955 | 1667 | 1.81 | 1.20
30 | 230 560 1422 | 1594 | 1.90 | 1.30
ILU(1)
10 68 154 318 468 1.02 | 0.71
15 88 180 353 401 1.20 | 0.84
20 99 211 381 378 1.34 | 0.93
ILU(2)
10 69 137 274 346 1.35 | 0.93
15 85 163 301 306 1.53 | 0.65
20 | 100 187 252 266 1.67 | 1.24

both set at 20cm/s to make sure that no physical oscillations will be encountered. The
Jacobian matrix is expected to be more difficult to invert compared to the preceding case.
As before, thirty preliminary timesteps are performed before starting the steady Newton
iteration with an initial time step equals 1073. This number was sufficient to bring the
initial solution into the convergence domain of the Newton method.

The use of a left GS preconditioner meets with difficulties in the unsteady phase of
the computation and fails to provide a good initial guess for the steady Newton iterations,
even with the use of very small timestep size. The increase of the number of timesteps did
not help reduce the norm of the nonlinear residual. The right GS preconditioner performs
better on the coarsest level, but the computations terminate after a huge number of
linear iterations. Approximately ten thousands GMRES iterations are performed during
the unsteady and steady phases on the coarsest level. In the next finer level, the inner
iteration fails to converge even after taking several timesteps to improve the Jacobian
matrix.

In contrast to the GS preconditioner, the ILU preconditioners perform well and the
inner iterations converge at all levels. The ILU(2) preconditioner performs much better
than the ILU(1) preconditioner. The multigrid algorithm is very slow when the number
of smoothing steps m is less than 40 in the ILU(1) case, while it converges quickly with
m = 10 in the ILU(2) case. We also remark that, in contrast to the previous case, the best
performance in the ILU(2) case is obtained when m = 15. In the experiments, the time
stepping process was needed only on the coarsest level. The numerical results obtained
during the time stepping process on each level are reported in Table 7. The time stepping
using the ILU(1) preconditioner requires 17 seconds on the coarsest grid as opposed to
over 13.2 minutes on the finest grid, thus yielding a speedup of about 47. We obtain a
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Table 6: Comparison of ILU preconditioners using three levels (central difference scheme).

m | levell | level2 | level3 | CPU | t;
ILU(1)
40| 405 [ 630 | 1055 | 3.83 [3.12
50 | 332 | 448 | 938 | 3.32 | 2.61
60 | 397 | 545 | 938 | 3.77 | 3.00
ILU(2)
10 186 | 320 | 695 [ 2.46 | 1.92
15| 117 [ 226 | 500 | 1.81 [1.27
20| 123 | 223 | 441 | 1.83 | 1.25
30| 149 | 218 | 383 [ 2.10 | L.51

speedup of about 27 when using the ILU(2) preconditioner. We notice that the ILU(0)
and ILUT preconditioners were found once again ineffective for this problem. The use
of 4 levels also meets with difficulties since the Newton iteration fails to converge on the
coarsest level.

Table 7: CPU time in minutes for running the simulation at each level during the time
stepping phase.

‘ levell ‘ level2 ‘ level3
ILU(1)

CPU 13.20 1.38 0.28
Speedup 1.0 9.56 | 47.14
ILU(2)

CPU 9.11 1.66 0.34
Speedup 1.0 5.48 | 26.79

In order to investigate the efficiency of using a multigrid algorithm as the linear solver
for the Newton method, we rerun the computations and solve the linearized system on
each level without any multilevel correction scheme. The last Jacobian on each coarser
grid is no longer needed and so not saved. This procedure, where each of the coarser
grids is used only to initialize the next finer grid, is sometime called one way nonlinear
multigrid algorithm [9] . The numerical results in Table 8 show a significant growth of the
Krylov iterations, especially at the finest level. A comparison with the results in Table
6 shows that the use of a residual correction scheme significantly decreases the overall
execution time. This improvement is especially due to the saving in time at the finest
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Table 8: One way multigrid using three levels (central difference scheme).

levl | lev2 | lev3 | CPU | iy
ILU(1) | 605 | 208 | 788 | 4.57 | 3.84
ILU(Z) 286 173 290 2.83 | 2.18

level, where most of the overall time of the one way multigrid method is spent in the
smoothing iterations. It is worthwhile to point out that this saving in time comes at
a higher cost in storage since the residual correction scheme requires saving a Jacobian
matrix at each level. We finally performed Newton multilevel iterations using a W-cycle
multigrid algorithm as the linear solver, but this did not help saving the overall solution
time.

For completeness, a computed temperature profile of the simulated flame sheet is shown
in Figure 5.

5 Concluding remarks

In this paper, a nonlinear problem arising from a finite difference discretization of a flame
sheet problem is solved using a multilevel damped Newton method where the linearized
system in the Newton method is solved using a V-cycle multigrid algorithm. By se-
lecting different preconditioners for the Krylov subspace method GMRES chosen as the
linear smoother, we conducted numerical experiments to investigate the efficiency of the
multigrid algorithm in solving the linearized system. The Multigrid algorithm with a
Gauss-Seidel preconditioner performs well when an upwind difference scheme is used to
discretize convections terms, but found inefficient when a central difference scheme is used.
The ILU(1) and ILU(2) preconditioners however are robust and deliver a less overall exe-
cution time than the Gauss-Seidel preconditioner. The ILU(0) and ILUT preconditioners
are found inefficient for this problem. The use of a residual correction scheme in the inner
iteration of the Newton method increases significantly the effectiveness of the overall solu-
tion algorithm, but at a very expensive cost of storage, since at each level a Jacobian and
its corresponding incomplete LU factors are saved. The present study shows in particular
that the multigrid algorithm without a strong enough smoother may perform very poorly.
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